We study line charge density and bending persistence length of a semiflexible polyelectrolyte rod typified by DNA in a z:1 electrolyte with or without pre-existing 1:1 salt. We use a wormlike chain model, where the effective Hamiltonian incorporates bending energy, as well as where the Coulomb interaction between charged segments is screened and mediated by the ions in the solution. By analytically evaluating the free energy associated with the contour undulation and charge density fluctuation affected by the adsorbed ions, we find renormalized mean line-charge-density and persistence length. Multivalent counterions bind to the polyelectrolyte more readily than monovalent counterions, due to electrostatic attraction dominant over the entropy. Also, our results show that at physiological conditions the electrostatic interaction gives no appreciable change on the persistence length from its bare value, against the implications of earlier studies. This is because the mean-field and charge fluctuation effects largely cancel each other in the rodlike conformation.
I. INTRODUCTION
The typical biopolymers are charged and immersed in an ionic solution, i.e., they are polyelectrolytes. DNA is not only a strongly negative charged polyelectrolyte of which the linear charge density is −e/0.17 nm but also a semiflexible chain with a persistence length of ∼50 nm in the presence of NaCl (1:1 salt) 100 mM. In the absence of the salt, the electrostatic repulsion between its segments endows such strongly charged polyelectrolyte with a stretched conformation [1] . As the concentration of the screening salt increases, the bending rigidity of the polymer is reduced down to its neutral value [2, 3] , in accordance with the Odijk-Skolnick-Fixman (OSF) mean-field theory [4, 5] . On the other hand, multitudes of experiments have shown that the rigidity and conformations of such polyelectrolytes sensitively depend on multivalent counterions: (i) The persistence length of the polymer is reduced in monovalent salt by addition of multivalent counterions (NaCl+MgCl 2 or NaCl+putrescine 2+ ) [2] . (ii) Toroid conformation is induced in monovalent salt and trivalent (or higher) polyamine (NaCl+spermidine 3+ and NaCl+spermine 4+ ) or cobalt-hexamine 3+ [6] [7] [8] . It has been a theoretical challenge to explain the electrostatic effects on counterion condensation on the polyelectrolyte and related bending rigidity [9] [10] [11] [12] [13] [14] [15] . Recent theoretical studies [13] [14] [15] for a rodlike polyelectrolyte at z:1 with z = 2 or 3 electrolyte solution have predicted the persistence length can be reduced to a small value, even below zero, signaling conformational instability, due to the charge fluctuation induced by multivalent counterions. Although charge fluctuation-induced attractions and softening of biological soft matter have been well understood, such extreme instability has not been experimentally observed. Furthermore, for physiological conditions the effect of salt should be incorporated.
On the other hand, competition between the electrostatic interaction and entropy of the counterions bound on the polyelectrolyte determine its mean line-charge-density. Recent * infinity@postech.ac.kr † wsung@postech.ac.kr simulations [16, 17] and theoretical work [18] , for salt-free solutions with only counterions, have shown that the mean charge densities of flexible polyelectrolytes are much deviated from the Manning theory prediction for counterion condensation on an infinitely long rigid polyelectrolyte [19] .
In this paper, we study analytically the mean charge density and persistence length of a semiflexible polyelectrolyte constrained to have a rodlike conformation. Such polyelectrolyte conformation abounds within cells, e.g., cytoskeletal networks, stretched DNAs in chromatin fibers, etc., renormalized by the presence of z:1 electrolyte either with or without preexisting 1:1 salt with z = 1, 2, or 3. We consider small contour undulation on which adsorbed charges fluctuate under the electrostatic interaction screened by the ions in the solution. Incorporating the electrostatic and bending energies, and the entropy associated with charge fluctuations to the Gaussian level, the effective Hamiltonian and free energy are constructed. We then self-consistently determine the renormalized mean charge density on the contour using chemical potential balance of the counterions, not by the Manning mean-field theory, and, based on this, we obtain the renormalized persistence length. The net electrostatic contribution to the renormalized persistence length is found to be reduced by multivalency of counterions, which, however, is negligibly positive, in contrast to the previous theoretical results [13] [14] [15] .
II. SYSTEM
We consider a semiflexible anionic polyelectrolyte constrained to assume a rodlike conformation with a small undulation and a fixed length L, immersed in an electrolyte solution, as depicted in Fig. 1 . The bare line charge density of the polymer, σ 0 , is assumed to be uniform and have σ 0 = −1/a, where a is the intercharge distance and an elementary charge e is put to unity. We consider that the solution consists of a monovalent salt added to a z:1 electrolyte where z is the valency of counterions. With the salt concentration put to be zero, we can recover the situation earlier studied [13, 14] . Due to electrostatic interaction with the bare anionic polyelectrolyte, the cations in the solution tends to adsorb on the contour, while they tend to desorb for entropic gain. The mean effective (also called renormalized) charge density is determined in terms of solution parameters to minimize free energy of the combined system of polyelectrolyte and cations, i.e., from the chemical potential balances between the adsorbed ions and the unbound ions [20, 21] .
The position of a polyelectrolyte segment can be parameterized by the Monge representation [22] , r(s) = (x(s),h(s)). s is the arc length along the polymer, 0 s L. x(s) is a position of a segment at arc length along the axis of end-to-end vector of the chain. h(s) is two-dimensional height vector perpendicular to the axis. The effective linear density σ (s) of the charge on the segment located at r(s) is a fluctuating variable, due to incessant binding and unbinding of counterions at the physiological temperature [13, 14, 20, 23, 24] . The effective Hamiltonian F[σ (s),h(s)] of the polymer given σ (s) and h(s) can be given in the unit of
The first term in Eq. (1) [20, 21] . Here σ is the effective line mean charge density given by σ = σ 0 + 1 + z σ z . The 1 and σ z are mean number densities of bound monovalent cations from the salt and z-valent counterions, respectively, which will be determined later. The third term in Eq. (1) 
−1/2 is the Debye screening length [15] , C 1 and c z being ionic concentrations of the unbound salt and z-valent cations, respectively. The last term,
is the entropic contribution due to the average charges of the bound cations, where b is a basic length scale of the polyelectrolyte.
III. FREE ENERGY OF UNDULATION AND RENORMALIZED PERSISTENCE LENGTH
To evaluate the effective Hamiltonian and the free energy associated with undulation in a convenient way, we consider the Fourier transforms of h(s) and δσ (s):
where L = Nb. Here N and b are total number and unit length of the basic segment incorporating an adsorbed counterion [26] , respectively. The q has N discrete values q = 2nπ/L with integer n, n = −N/2, . . . ,N/2. In terms of the Fourier modes, the effective Hamiltonian is
where V DH (p,q) is the electrostatic interaction in Fourier space, which will be given explicitly below. Using
where
Now F [h], the free energy associated with the undulation degree of freedom, is given by functionally integrating over the charge density fluctuation, , which is much smaller than that of the long wavelength undulation with which we are concerned.
where irrelevant numerical prefactor is omitted and F 0 includes all the terms but the third term in Eq. (6), which are independent of the charge fluctuation. After the Gaussian integration, the free-energy function is written as
To calculate the free energy, we expand V DH to the harmonic order in the curvatures as [5, 15, 21] ,
and find the Fourier space representation of Eq. (10) as
where the cut-off distance b is introduced to avoid the singularity and K 0 is the modified Bessel function of the second kind. Using Eq. (11) and expanding the free-energy function up to the harmonic order, |h(q)| 2 , we find
The first three terms in Eq. (12) denote free energy of the rigid rod incorporating the charge fluctuation we previously obtained [26] . The irrelevant self-interaction contribution is subtracted in the second term. The last term is the free energy cost for the undulation, put as E(q) = l P q 4 , with the renormalized persistence length l P written as,
Here,
in the OSF theory [4, 5] and l fluc is
Note that in the limit of no charge fluctuation(χ → ∞), l fluc vanishes and Eq. (13) recovers result of the OSF theory, l P = l 0 + l OSF .
IV. ANALYSIS OF RENORMALIZED MEAN CHARGE DENSITY AND PERSISTENCE LENGTH
A. z:1 electrolyte solution added to salt
The mean effective charge density on the polymer, σ = σ 0 + 1 + z σ z , should be determined self-consistently by chemical potential balance between the bound and unbound cations, μ
and
Here, the unbound ions are treated as free [27] , v 0 = 4π (b/2) 3 /3 is volume of the counterions. The F is the thermodynamic free energy of the polyelectrolyte obtained by averaging the F[h] in Eq. (12) over the undulation degree of freedom: e −βF = Dhe
where an irrelevant constant term is omitted. From Eq. (15), we numerically obtain the mean charge densities as functions of the multivalent counterion concentration c z , which are depicted in Fig. 2 . Considering DNA as an example, we adopt a = 0.17, b = 0.4 nm for typical diameter of hydrated counterions, l B = 0.7 nm for water at T = 300 K, l 0 = 50 nm, L = 100 nm, and C 1 = 100 mM for the physiological condition. Figure 2 depicts the line number densities of adsorbed monovalent salt cations (empty symbols) and z-valent (filled symbols) counterions for z = 1, 2, and 3. Figure 2(a) represents the case z = 1 equivalent to the situations where more salt is added to 100 mM salt. As the c 1 increases σ 1 steadily increases, which is nearly balanced by the decrease of 1 , until they become the same when c 1 = C 1 = 100 mM. In Figs. 2(b) and 2(c), σ z increases as c z up to ∼50 mM, whereas 1 decreases to zero, showing how the electrostatic attraction for higher valency dominates over entropic penalty for confining counterions. The monovalent salt cations favor unbinding to gain entropy, which becomes prominent as z increases. Figure 2 (d) depicts the mean charge densities of the polyelectrolyte, σ , as functions of c z . For z = 1, the density is nearly constant for small c 1 and tends to decrease beyond c 1 ∼ 50 mM. On the other hand, for the z = 2 and 3 case, the densities are steadily increasing due to the electrostatic attraction between the counterions and polyelectrolyte as described above. Beyond c z ≈ 50 mM, for all z, thermal fluctuations of the counterions overcome the attraction due to high screening and σ sharply drop down to σ 0 = −5.88 nm −1 of the bare electrolyte.
It should be noted that these results incorporate the effect of polyelectrolyte contour undulation. However, this effect is negligible as the results are numerically indistinguishable from those obtained by setting the last term in Eq. (12) to be zero, i.e., by taking the rigid rod limit. This means that the counterion condensation phenomenon is essentially independent of the undulation, due to the time-scale difference between the counterion dynamics and undulation: the relaxation time of the undulation is much slower than that of absorbed counterions, which is ∼10 −6 s [26] .
Inserting the above mean charge density σ to Eq. (14), we calculate the renormalized persistence length. Denoting overall electrostatic effect on the persistence length by l e = l OSF + l fluc , the filled squares, circles, and triangles in Fig. 3(a) depict the l e with z = 1, 2, and 3, respectively, as functions of c z . This shows that for counterions of valency z = 2 and 3 at the concentration ∼50 mM the electrostatic effect is minimal in contribution to the persistence length compared with the z = 1 case. This is due to a large cancellation of the charge fluctuation-induced reduction, l fluc , prominent for the higher valency of counterions, and the mean-field enhancement, l OSF , as detailed in Fig. 3(b) for z = 3, in the conformation constrained to be rodlike. Our work shows that, with multivalent cations added to the 1:1 salt, the electrostatic contribution to the persistence length of the rodlike polyelectrolyte tends to be negligible for a wide range of concentrations of multivalent counterions in the presence of salt.
B. z:1 electrolyte solution without salt
We now focus on the special case where the solution consists of only z:1 electrolyte to study mostly the effect of the z-valent cations without the salt, 1 = 0 and C 1 = 0, and to make contacts with the earlier results [13, 14] . The σ z do not significantly change up to c z ∼ 50 mM, due to the electrostatic attraction dominant over the entropy, which keeps the counterions bound. Beyond c z ∼ 100 mM where the screening length less than 1 nm, the effect of entropy becomes dominant and the unbinding occurs. Figure  4 (b) depicts the resultant mean charge densities as functions of the c z , which shows that the polyelectrolyte is more neutralized with higher z, even though absorbing number σ z decreases with z. This will be an efficient way of minimizing the net free energy by gaining both electrostatic attraction and entropy with less multivalent adsorbents.
The filled triangles, circles, and squares in Fig. 5 (a) depict the persistence lengths l e as functions of c z . For the case z = 1, the l e decreases monotonically with c z . As z increases the electrostatic contributions to the persistence lengths decrease, due to the charge fluctuation, like the previous results in the presence of salt. The electrostatic contributions, l e , are negligible for all range of the ionic concentration, but larger than those in the presence of salt, due to less screening. This, like the foregoing result with salt ( Fig. 3) , is due to the remarkable cancellation of l OSF and l fluc as depicted in Fig. 5(b) .
For this case, Golestanian et al. earlier calculated the persistence length in a similar theoretical scheme [13, 14] . Their results are represented by empty triangles, circles, and squares in Fig. 5(a) ,
For all cases of z and for all values of c z , l e are negative, with the magnitudes decreasing with z, in sharp contrast to our results. They argue that intersegment attraction induced by the charge fluctuation can induce the net l P = l 0 + l e to be negative, whereupon conformational instability sets in. The instability, shown to be most pronounced for z = 1, is physically unreasonable and has not been observed in such solutions. We find that this discrepancy is partly due to the mathematical artifact arising from the Monge representation they parametrize for describing the local coordinate of a arc position, r(x) = (x,h(x)), in contrast to ours r(s) = (x(s),h(s)). In this parametrization, it is the polymer contour length projected on the reference axis, L x , but not the contour length L, that is fixed. In reality, L x should be shortened while L is fixed as the thermal undulation arises. Indeed, the conversion of parametrization s → x should modify the charge density by factor of 1 + [∂h(x)/∂x] 2 [22] in their models,
in terms of which the instability condition will not appear. The negligible renormalization of persistence length in our model sounds contradictory to the observation that the charge fluctuation induces the polyelectorlyte collapse [13, 14] . However, it should be noted that our result shown here is specific to the polyelectrolyte conformation constrained to be rodlike, in contrast to the coil conformation which may emerge at the onset of the collapse. Suppose that a polyelectrolyte rod conformation is allowed to change, and, for simplicity, can assume an arc of a radius R. For this arc, we calculate the free energy from Eq. (1) with the bending energy term replaced by Ll 0 /2R 2 . The other terms associated with charge degrees of freedom contributes to the free energy by the term Ll e /2R 2 , which is negative due to the charge fluctuation effect dominant over the mean-field effect. The optimal value of R, R * , is determined so as to minimize the net free energy to the value βF = LL P (R * )/2R * 2 + βF 0 , where βF 0 is a term independent of the curvature. For the case of L = 100 nm, z = 3, and c z = 10 mM, R * ∼ 20 nm and l e ∼ −40 nm. This suggests that a straight DNA in such a situation is unstable with respect to the spontaneous formation of a curvature and a large reduction of the persistence length, leading to DNA collapse. Further details of this consideration are presented in a forthcoming paper. 
V. SUMMARY AND DISCUSSION
We have investigated the renormalized mean charge densities and persistence lengths of a semiflexible polyelectrolyte rod in z:1 electrolyte. Due to incessantly adsorbing and 2 W. K. Kim and W. Sung (unpublished) desorbing counterions on the negatively charged polymer, the charge density fluctuates, in their mutual electrostatic interaction screened by the electrolytes and salt. The charge fluctuation couples with the thermal undulations on the polyelectrolyte, which we incorporate in the Gaussian level.
The mean charge densities, in the presence of 100 mM 1:1 salt with addition of divalent and trivalent counterions, are nonmonotonic functions of their concentrations (c z ). This is due to competition between the electrostatic attraction and entropy cost for binding counterions on the polyelectrolyte. As the density of multivalent counterions increase up to 50 mM, monovalent counterions unbind from the polyelectrolyte to maximize the entropy while the multivalent counterions bind to the polyelectrolyte to minimize the electrostatic energy. At the concentrations beyond 50 mM, all the counterions tend to unbind due to full screening. On the other hand, in a salt-free solution, the densities do not significantly change up to c z ∼ 100 mM beyond which abrupt unbinding occurs.
We also obtained the persistence length, l P = l 0 + l e , renormalized by the mean charge density and charge fluctuation superimposed on it. With the salt, the l e , the electrostatic contribution to the l P , is negligibly small for the counterion concentration ranging from c z = 1 to 100 mM, since, in rodlike conformation, the mean-field (OSF) enhancement (l OSF ) is canceled by the charge-fluctuation-induced reduction (l fluc ) that increases with z. It is in contrast to an earlier theoretical result that, for the z:1 solution only, predicts the charge-fluctuationinduced negativity of the persistence length. Our work rules out such a possibility in the rodlike polyelectrolyte. We show that, if the rod conformation is free to change, the counterioninduced charge fluctuation reduces the bending rigidity dramatically, leading to conformational instabilities to the toroidal shape.
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